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by
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ABSTRACT 2 g 9 )4

This is a preliminary report on an analytical investigation of the end
wall boundary layer behind a reflected shock in a shock tube in highly ionized
argon. Two nonequilibrium effects are considered: chemical nonequilibrium
because of finite recombination rates, and lack of equilibration between elec-
tron and heavy (atom and ion) temperatures because of a finite rate of energy
exchange due to elastic collisions between electrons and ions, The Debye
length is small compared to the boundary layer thickness. In contrast with
previous work in this area, we retain the coupling between the electrical
effects and the aerodynamic effects, considering both simultaneously, The
electrical effects principally manifest themselves in a plasma sheath next to
the wall which is a few Debye lengths thick., In this sheath the simple molec-
ular description of the plasma originated by Langmuir and Mott-Smith is used,
Outside the sheath, in the aerodynamic boundary layer, the usual continuum
fluid mechanics treatment is used. These two descriptions of the plasma are
joined at the sheath edge by requiring continuity of ion mass flux and electron
energy flux, which serve as boundary conditions for the continuum boundary
layer equations., The basic information determining the chemical and transport
properties of ionized argon are well-known, and they are used to develop a set
of properties for the two-temperature case considered here, This completes
the information necessary to fully define the problem. The solution is attemp-
ted by means of a local similarity approach, in which time is treated as a
parameter, and the boundary layer equations are reduced to ordinary differ-
ential equations, Only a few solutions, all for frozen chemistry, are available
at this stage of the investigation. They show that when elastic energy exchange
between ions and electrons is ignored, the electron temperature at the sheath
edge is about half the external temperature. However, this energy exchange
has only a slight effect on wall heat transfer rate, Further calculations for
both frozen chemistry and finite recombination rate cases wj

*This work has been supported by Headquarters, National Aeronautics and
Space Administration, Office of Advanced Research and Technology,
Washington, D, C., under Contract NAS w-748,




I. INTRODUCTION

There are a considerable number of devices where a hot ionized
plasma comes in contact with a cold wall. Examples are plasma arcs,
plasma propulsion motors, stagnation point flow in high speed flight, and
many fusion machines. Theoretical attempts to calculate the heat transfer
to the walls usually separate the electrical properties from the aerodynamic
flow. 1,2, 3,4 However, there are many situations where the degree of
ionization of the plasma is large and this separation is not valid. In addi-
tion, the state of the plasma in the boundary layer is usually assumed to be
either chemically frozen (no gas phase recombination) or in complete chem-
ical equilibrium. These limiting assumptions permit the solution of the
boundary layer equations by the usual similarity transformations. However,
these limiting cases need not bracket the general case which must include
recombination chemistry and different electron and heavy particle tempera-
tures. In particular, the electron temperature can be considerably above
the wall temperature even near the wall.

The main objective of this paper is the development of a general
boundary layer theory which will include the important electrical and chem-
ical effects directly in the boundary layer equations. To obtain specific
results, we have considered a Rayleigh problem in which a hot plasma at
rest is placed in contact with a cold wall. Detailed calculations are pre-
sented for argon, since the argon recombination rates, 5,6 and the appro-
priate transport properties7s 8 are well known. In addition, these calcu-
lations can be compared directly to experimental data in which the degree of
ionization is up to 50%. 9 For this case, the electrical effects are important
in the determination of the boundary layer profile. For example, it would
be in error to couple the electrical effects to the boundary layer profile for
the neutral component as is done for low degrees of ionization. A quantita-
tive understanding of the following phenomena is needed in order to obtain
solutions of the boundary layer equations: (1) electron and ion temperature
equilibration rates; (2) argon recombination chemistry; (3) plasma sheath
potential; (4) thermal conductivity of the atoms, ions, and electrons; and
ambipolar diffusion of electron-ion pairs through atoms.

These phenomena will be discussed in the next section. Then the
boundary layer equations will be developed. Finally, we will present the
solutions of the boundary layer equations that have been obtained to date.




II. ARGON PLASMA PROPERTIES

The end wall boundary layer using the gas sample behind the reflected
shock in a shock tube is essentially a Rayleigh problem. A hot plasma sam-
ple is abruptly placed in contact with a cold wall. There is only a thermal
boundary layer, whose properties depend on the concentrations, thermal
conductivity, and diffusion rates of each species. This permits a simplifi-
cation of the boundary layer theory. Eiffects of viscosity do not appear,
since there is no flow parallel to the wall.

The evaluation of the end wall heat transfer rates requires a knowl-
edge of the chemical species concentration in the boundary layer together
with the transport properties that are important in the theory. These are
the thermal conductivities of the electrons and neutral argon, and the ambi-
polar diffusion of electron-ion pairs through neutral argon. In addition, the
slow rate of energy exchange between electrons and ions by elastic collisions
permits different electron and ion temperatures. The boundary conditions
at the wall must be modified because of the plasma sheath potential, which
effectively isolates the electrons from the wall. We will now consider these
phenomena in more detail.

Energy Exchange by Elastic Collisions

The exchange of energy between particles in an elastic collision is a
function of the ratio of the mass of the particles. For particles of equal
mass, the temperature equilibrates in a few collisions, as is the case for
collisions between the argon atom and ion. However, it takes roughly 102
elastic collisions for electrons and argon atoms or ions to equilibrate their
temperature, because the electron is 80, 000 times lighter. This large
number of collisions results in a weaker coupling between the electrons and
heavy component, thus permitting the electron and heavy particles separately
to have distinct but different temperatures. In particular, for the argon
boundary layer, the electron temperature remains higher than that for the
heavy particles near the wall. This difference is due mainly to three effects:
(1) the large number of collisions required for equilibration of electron and
heavy particle temperature; (2) ionic recombination heats only the electron
component; and (3) the electron component is thermally insulated from the
wall by the plasma sheath.

The rate of energy transfer per unit volume by elastic collisions
Eel from electrons to single charged ions is

T ¢ - 3
_nege QWWLQ ln _ > ,Q(K,TE) .
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ng is the electron number density per cm3, and mg, Mg Tg and Ty
the electron and ion masses and temperatures, respectively. € and K are
the electric charge and Boltzman's constant.

The energy transfer by elastic collisions from electrons to atoms is
usually much less than to ions. The atom-electron elastic collision cross
section is small for argon because of the strong Ramsauer effect. !1 The
cross section has a minimum of 5x 10-17 cm /atom in the range from
2000°K to 10, 000°K. The ion-electron elastic cross section predominates
over t]gat for the electron-atom when the degree of ionization is in excess
of 107 Therefore, we have not included the atom-electron energy transfer
in the present analysis.

Argon Recombination Kinetics

The only important recombination reaction for argon is by the electron
impact process

E+E + Ar'—> E+Ar | (2.2)

where E, Ar" and Ar designate electrons, ionized and neutral argon, respec-
tively. (Radiative recombination is negligible because of the trapping of the
resonance radiation by the large neutral atom concentration in the boundary
layer. Also negligible is the two step process with the molecule Art in the
intermediate stage because of the small binding energy of Ar .) The rate

of electron production is governed by the relation

k2 ;
dng [dt = =Reee Meny + R NNy (2:3)
where ng and n are the number densities of electrons, ions and atoms,
and kr ec andIk a e the recombination and ionization rate constants.

At thermodynamic equilibrium dnE/dt = 0, and the rate constants of

Eq. (2. 3) are proportional to the equilibrium constant, Keq .
123 Ne
R :( € I) = Kes ) (2.‘0‘)
’%-mc Na
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where the subscript eq indicates equilibrium. 1%19 ils gbtained from the 3

Saha formula applied to argon: Keq =2.9x10 E ~ exp (-Tion/TE)/cm .
The argon recombination rate constant can be obtained from two

sources: (1) the measured ionization rates at high temperatures, ° and

(2) the ionic recombination theory12 13,14 pa5ed on the class1ca1 electron

impact cross sections. The recombination rate constant, kg ec’ based on
classical theory has the simple relationl
"& = |. \b x[O TE <m /Q‘cd‘ron— sec (Z,S)
vec



This result, based on classical theory, is not expected to apply above 4000°K,
where the important transition in the recombination process is the large
quantum jump from the first excited state to the ground state.

The ionization process for electron temperatures in excess of
10, 000°K was shown by Petschek and Byron5 to be determined only by the

rate of excitation of the lower excited states, say kexc’ the rates for sub-
sequent ionization from the low excited states being much faster. Thus, for

Tg > 10,000 °K | oy T Rexc . (2:6)

keyc » the excitation rate constant to the lowest excited states is5

J
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Texc = 134, 000°K is the temperature corresponding to the energy of the
first excited state. For TE > 10, 000°K, the recombination rate constant
can be determined from k... by combining Eqs. (2.4), (2. 6) and (2.7)

g = Bee - @axi02%/T,) 0 Te et (2

Yec elechron’sec
3

Tion - Texc = 48, 0000K corresponds to the ionization potential of the first
excited level. This rate constant requires the assumption that the population
of each excited argon level is in equilibrium with the electrons; the loss rate
from any level is much slower than the production rate. The rate limiting
process becomes the de-activation of the first excitation level by the electron
collision process. (Radiative transitions do not contribute, because ground
state resonance radiation is trapped at high densities.) The true rate con-
stant, k..., cannot be larger than either of the two rates given by Eqs. (2.5)
and (2. 8), and we propose that k... is given by Eq. (2.5) for Ty < 3000°K
and by Eq. (2.8) for T > 3000°K.

The large change of the recombination rate constant with tempera-
ture has an important effect on the boundary layer chemistry for the case of
large degrees of ionization: that is, for electron concentrations from 1015
to 1018 | and times from 1 to 10 microseconds. For electron temperatures
above about 10,000°K, the recombination rate is small, and there is negli-
gible recombination. However, for lower electron temperatures, the recom-
bination rate becomes so fast that the degree of ionization must remain in
equilibrium with the local electron temperature; that is, the degree of ioni-
zation is determined by the local electron temperature through the Saha
equation.

Wall Sheath Properties

The properties of the plasma sheath surrounding an object in contact
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with a plasma have been extensively treated. 1,2,3,16, 17 An approximate
theory has been postulated16» 17in which the plasma has a continuum descrip-
tion with charged neutrality up to a sheath edge. Charge neutrality breaks
down in the sheath, an electric potential develops between the plasma and

the wall, and a molecular description of the plasma is used. The sheath
thickness is of the order of a Debye length, h;

K Te - 6.90 Te o 2
- - * —— c?

where Tg is in °K and ng is the number of electrons per cm3.

The sheath potential adjusts itself to maintain charge neutrality at
the edge of the plasma by not allowing a net charge to cross the sheath.
That is, the electron current towards the wall equals the total positive
current. The positive current consists of two components: ions diffusing
toward the surface and electron emission from the surface. Only electrically
conducting walls will be treated, and these walls are catalytic. Ion-electron
pairs will neutralize on contact with the wall, and leave as atoms. The
sheath potential, ¢, is obtained from the formula

nif} ex‘)(—IGQ\/K,Te) = lez’f? +J ) (2.10)

where ny and ng are the ion and electron number density at the edge of the
sheath; cg is the mean thermal velocity for the electrons, and J is the wall
electron emission. Note in this approximation, n; = ng, at the edge of the
sheath. cjis determined by the drift velocity of the ion in the sheath; and
reduces to the ion thermal velocity in equilibrium with the local atom tem-
perature, when the ion makes many collisions in passing through the sheath.
When the ions fall freely through the sheath without collisions,! cy= 4‘KTE ;mI
The wall emission, J, can be produced by field emission and by photo-
electric emission from ultraviolet light irradiation. It can be shown that the
photoelectric effect is negligible for argon. The amount of current leaving
the wall due to field emission is difficult to estimate, since the field strengths
at the wall, based on the sheath thickness of the order of 1000 X, can be in
excess of 105 volts/cm. However, if one assumes negligible wall electron
emission, the sheath potential in Eq. (2.10) reduces to

$= KTe g < (2.11)
€ L1

The sheath potential becomes a function of T, and cy. We anticipate
that the electron temperature at the edge of the plasma sheath will be a sub-
stantial fraction of the external temperature, while the ions and atoms are
at the wall temperature of approximately 300°K. When the free stream is
50% ionized, the electron-ion pair and neutral atom number densities at the
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edge of the sheath are the order of 1017/crn3 and 1020/cm3. With these

conditions, the sheath thickness, h is about 10"°cm. To determine the
effective ion velocity, cy, the sheath thickness is compared to the mean
free path for atom-ion collisions, which is 5 x 10-7 ¢cm. The ion makes
about 2 collisions in passing through the sheath. For this example, the
value of cy to be used in Eq. (2.11) is intermediate between the values dis-
cussed above. The energy that the ion receives from the sheath voltage is
transferred to the atoms. However, the sheath is so small compared to the
boundary layer thickness that this energy is immediately transferred to the
wall by the atoms.

The energy transported across the sheath potential by the electrons
and ions was treated by Jukes. 10 On the average, each electron crossing
the sheath reaches the wall with an energy equal to 2¢Tg, while an ion
carries the thermal energy 2«kTy plus the sheath potential energy, Je¢|. In
addition, ion and electron pair recombined at the surface releasing the
ionization energy, Ej per pair. Thus, each ion-electron pair brings to the
wall the net energy, ZKTE + Ey+[ledl When T = 300°K, then the only
important term is the ionization energy, Ej. owever, for an electron tem-
perature of 10, 000°K at the sheath, the total energy brought to the wall is
24 eV/pair.

Several authors!> 2, 3 have calculated the electrical properties of a
plasma without using the simple sheath description outlined above. However,
they have only considered small degrees of ionization, and taken the aero-
dynamic properties of the plasma as given, thus uncoupling the aerodynamic
and electric effects. For the large degrees of ionization and large plasma
densities of interest here, such an uncoupling is not possible. However, the
Debye thickness is small compared to the boundary layer thickness under
these conditions, so the approximate description of the electrical effects
given by the sheath model outlined above is sufficiently accurate.

Transport Properties

The transport properties of argon needed for the end wall boundary
layer calculation are the thermal conductivity of the atoms, ions, and elec-
trons, and the ambipolar diffusion coefficient for ion-electron pairs dif-
fusing through atoms.

For the one-temperature boundary layer, these properties for argon
are fairly well-known. The derivation of a set of properties for the two-
temperature case will be based on the one-temperature set given in Ref. 9.
The changes necessary in the thermal conductivity can be found by going
back to the source of the mixture rule used in Ref. 9, which is found in
Ref. 7. A reconsideration of the derivation leads to only a slight modification
in one term, since all other appearances of the ratio TH/’I‘E are in connection
with terms of the form (mE/mA)E which are ignored. The result is that the
contribution of ions to the mixture thermal conductivity is still negligible,
the contribution of the electrons is




-1
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and that of the atoms is

_p¥ s Qag
‘eZA - 'eZA l * = ot _Q-A"'A' . LQ"zb)

Here Q is the collision cross section between particles denoted by the sub-
scripts, a is the fraction ionized, Ty the heavy temperature, and kg is
the Spitzer conductivity, which is taken to be

£ = +¢ xio™'? Ts% cal
S ]
AN red] e

The A quantities are (TE in OK, n

: (2:13)

E in particles/cm”)

-y
4% -h _ - 3 N
A= 12 xio T ng A, = 1900 Tgne ™ (2-1%)

}

which are the ratio of the Debye distance to the impact parameter for 90°
deflection, and the ratio of the average inter-electron distance to the impact
parameter for 90° deflection, respectively. The combination used in kg
allows for a proper crossover between Ay, valid at low electron density and
high temperature, and A, valid in the other limit. The pure atom con-
ductivity is taken to be

I 7/
?Zt\ = 5.9 xlO.lT;\ ! C“(/C"""fec—-"K . (2-15)

The ratio QAE/QAA is relatively unimportant in determining kg
since this term is small except for a very near zero. So a constant
value of 1.5 x 102 was used, in accordance with average values of these
cross sections is the temperature region of interest. The ratio QAI/QAA
is the same as that derived in Ref. 9 and is

Qaz [Qan = 144 T . (2.18)

The ambipolar mass flux of ions is found by using a momentum
equation for atoms diffusing in a two component mixture of atoms and ion-
electron pairs. The derivation follows that of Ref. 9 to the point where the
flux of ion-electron pairs is expressed as



h m V ______"E_A_& V(PA) (3.17)

where Dy, is the binary ion-atom diffusion coefficient, pp the atom partial
pressure, and the mixture pressure, p, has been taken constant, as appro-
priate to diffusion in a boundary layer. The departure from a one-tempera-
ture case occurs in the evaluation of pA/p. For the present case

yA'-'-nAK.TH , P:(Y‘A*hx)K—T“*’nEK’TE P

2.18)
Pafp = (-0/(\+xTe/T,)
where the fraction ionized, a , is expressible in terms of the number
densities by
Ne=ny = <lna+ng). (2.19)

We thus find

= -_f__']il__._(\-\-ot E)Vot + o(\- o()V

V.
Y\IMI—I l+°lTEm “ - (3020)

For TE = TH, this reduces to the value used in Ref. 9. When the tem-
peratures are not equal, there are two new effects. One is the dependence
of the coefficients on TE/TH, the other the appearance of an effect of the
gradient of the temperature ratio. For small a, the latter effect disappears

and the two temperatures just replace the usual ambipolar factor 2 by
(1+ To/Ty)

To normalize the diffusion coefficient, a Lewis number is defined,
as in Ref. 9, by

)
e %_A

(2.21)
which is shown there to be

-o.lé6
LA:E Q l“T !
5 QA—; (2.22)




If this is used, the ion mass diffusion flux can be written:

nm, V_=- ):_’i‘!} (T /T )Vt + «(1-20)V (Te/Tu)
s <e 2\ T /T (14 o)™ (2z)




I11. BOUNDARY LAYER FORMULATION

General Equations

Since we are allowing the electrons to have a temperature different
from the heavy particles (atoms and ions), we must return to fundamentals
to obtain the equations of motion. A kinetic theory approach can be used,
leading to sli%ht modifications of the equations in Chapter 8 of Chapman
and Cowling. 8

Allowing for a production term w; (the mass rate of production of
species i per unit volume and time), the mass conservation law for this
species is

29,
L8 . -
-5—1 t v f{(\:‘.‘\'\lg) =W, ) (3“)

where v is the mass velocity, V; the diffusion velocity of species i relative
to v and p, the partial density p. = nym; . When this is summed over all
species, we find the usual over-all continuity equation,

% 4 v-py =0, (39
ot

where

—

Zeez e, zpVi=0, 2wFo. (3.3)

)

For the momentum conservation law for species i, we introduce
the external force per unit mass F; and the shear stress tensor 715,

defined by -

Pe =Y + T, (-4

where p; is the stress tensor for species i , and U the unit tensor. Then

the moTfMentum equation can be written -
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bf""'&-f.ﬂ,v"-\—(fv V)v = AM; (3.5)

where AM. is the increase of momentum of species i due to collisions. All
the terms on the second line vanish when a sum over all species is performed,
leading to the over-all momentum equation

e%_i;’ +Vp + V-T — Zﬁ F. =0, (3.6)

where

M

¢, 2T;-

e}

. (3.7)

Finally, the energy conservation law is written using the thermal
enthalpy per unit mass, hi and the energy flux vector q;:

Dihe + fa'f\c Veu « V-i_; - 'P_Lt

t T-:VE'I’;Y;'_ +f;Y¢‘B!= AE; . (3.8)

Here AE. is the energy gained by species i due to collisions, including
chemical reaction effects. When this equation is summed over all species,
the last term on the left vanishes, but the collision term might still make
a contribution because of conversion of kinetic energy into potential energy
by chemical reaction. The result is the over-all energy equation

Deh Vv + Voo —DP 4+ ©:0v _S o V. F. -
T)%waﬁ ¥+ Vg - L0y Zf""* AE, (39)
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where

‘Ef;%;zf%) 29:29 , TAE = AE. (z3.10)

For a mixture of monatomic gases, the thermodynamic expressions
are

For the energy flux vector, we shall take the usual expression

q:= - & VT + PV A , (312

thus ignoring possible diffusive thermo-effects, which may be different in a
multi-temperature mixture than in a single temperature mixture. Note that
the thermal conduction coefficient k. is the conductivity of species i in the
mixture, not by itself. We shall have no need for an expression for the shear
stress tensor T;.

To apply these equations to the present case of a monatomic, ionized
gas, we first apply Eq. (3.5) to the momentum of the electrons. All except
three tlerms have the electron mass myg as a factor. The stress term depends
on mp3 . The electron pressure gradient term, and the external force term
are independent of mp, since Fp = - eE/m. , where € is the electronic

charge and E the electric field. Thus, if we ignore factors of my2 and
smaller, the electron momentum equation becomes

Voe=-fe€Efme=p ¢Elm (3.13)

which relates the electric field between electrons and ions to the electron
pressure.

The over-all momentum equation in this case is

f_"g_;:’_‘,Va)-q-V-g:O, ALY

because the external force term balances out between electrons and ions.

When the energy equation (3. 8) is written for the electrons, the
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last term on the left is proportiongl to mg and can be ignored, while the
shear stress term depends on m_ 2 and can also be dropped. The collision
term contains two contributions.” One is the loss of energy by elastic
collisions between electrons and the heavy particles, discussed in Section II,
which we denote by E_; . The second contribution is the loss of energy to
the ions in the ionization reaction, which is wh®, where h® is the ionization
energy per unit mass of the ions, E /rnA. When we use Eq. (3.13) for the
external force term and the assumption of ambipolar diffusion, Vg = XI ,
the electron energy equation is

'D”bfee‘E + fefe Veu + g,
t

N o 3.1§
) %%E —\‘/'I.VPE = —wi k- Co By (-1

Ce1 is @ rate constant for the elastic energy exchange process inserted for
convenience in the numerical calculations, The physically correct value of
this constant is unity.

Since the ions and atoms have the same temperature, we will com-
bine their energy equations. When we do, the last term on the left disappears
since 2 pP;V; = 0 and only the heavies contribute to this sum. The collision

term involves only the increase of energy of the heavies due to elastic
collisions. So the heavy energy equation is

%(fl‘v’\l«kaC\A) +(p he 4 Pafa) V-V + V(31 4 Za)

- T;DtUPI*PA)Jr YI»VPE +(T+Ta):VE = Cel Ee‘) (214

where again Eq. (3.13) has been used for the external force term. The
over-all energy equation is the sum of Egs. (3.15) and (3.16)?

Dph 4 pRV-U 4 Vigr+atfe) - DP

+ (T4 )V = w4, (2.17)
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End Wall Boundary Layer Equations

We now apply the general equations to the end wall boundary layer
behind a reflected shock, i.e., with a quiescent external flow. Taking the
y axis normal to the wall, variations occur only in y and t. There is no
flow parallel to the wall, so the tangential momentum equations are of no
significance. Applying the usual boundary layer approximations, the over-
all momentum equation (3. 16) in the normal direction yields the familiar
result that the mixture pressure p is a constant throughout the layer.

The remaining equations are the over-all mass conservation equation
(3. 2) which determines the normal velocity v; the species conservation
equations (3.1), which reduce to one equation for the fraction dissociated by
using the ion equation; and the electron, heavy and over-all energy equations,
(3.15), (3.16), and (3.17), only two of which are required to determine the
electron and heavy temperatures T and T;;. When the boundary layer
approximations are used in these equations, the shear stress terms all
disappear. We also make use of the thermodynamic relations (3.11) , the
energy flux expression (3.12), and the diffusion mass flux sum of Eq. (3. 3).
The equations of the end wall boundary layer then become

3 D o = o)
;‘{ + 5.3 f"\)’ st O, (3’9@/

0 o\ =
??1 X * fr Vr =Wy (3.188,
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133 [cw(Tu*dTe)] (3.19e)
’\)t

 (—¢. o0 o
*55( e‘“gg“'&e-—e +f£ ;CpuTe)—"“&‘-’\

Here we have used the definitions

}3 D) 2 5K \
- “2VvE8 .z 2= eu=fr+ &a . 3
Te oot 2y’ gm0 THTTE G

Together with the transport properties, the ionization rates, and the
elastic energy exchange given in Section II, and the gas law indicated in
Eq. (3.11), these equations determine the variables v, aq, and T
(Remember that only two of the three energy equations (3. lé% d, e) are
needed.)

An expression for the total energy flux normal to the wall can be

obtained from Eq. (3.12), with the addition of the flux of ionization energy.
This expression is

_%:‘Q“%ﬂ ‘\,@4 ;)j _f \II\'CP“TE-fﬁ /. (3_[9.{.)

Boundary Conditions

At the outside edge of the layer, we take all conditions to be known;
with subscript e denoting these conditions, we have

= The , Te=Tge , &A= =e. (3.20)

We will assume the external plasma to be in temperature equilibrium so
that T =T =T .
He Ee e

The wall boundary conditions involve consideration of the presence of
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the plasma sheath. The continuum approach is used up to the edge of the
sheath. In the sheath the usual molecular description is used. The inner
boundary conditions for the solution of Eqs. (3.18) are obtained by a matching
of the continuum and molecular descriptions.

As boundary conditions we will use the continuity of ion mass flux
and electron energy flux at the interface between the continuum and molecular
descriptions. The former requires

mrng <r _ _ oL Vo , (3.20
4

while the latter condition can be obtained from Eqgs. (3.12) and the con-
siderations of Section II. Electrons which get to the wall enter the sheath
with average energy 2kTg + le¢g| and the flux of electrons which reach the
wall is (nEEE/4) exp(- led| /KTE). Thus, continuity of electron energy
flux requires

%'E %_.—;E - YIVI 'CP“TE = @.I(,TE + \eq)l) Y\ice pr/\-— %; ) Q.ry

The potential ¢ is determined by Eq. (2.11). The electron flux is replaced
by the continuum ion flux by using Egs. (3.21) and (2.10) with J = 0.

The third boundary condition determines Ty at the wall. The atoms,
unaffected by the sheath voltage, are in good contact with the wall at the wall
temperature. The ions are in temperature equilibrium with the atoms,
except possibly within a few sheath thicknesses of the wall. However, the
continuum description ends where this equilibrium no longer holds, so as a
boundary condition as the continuum equations, we take the heavy tempera-
ture as the wall temperature:

Tz T, (323
L "/

The three boundary conditions (3.21)-(3.23) are applied at y = 0, and
complete the specification of the problem.

Method of Solution

The problem, as so far formulated, requires solution of partial
differential equations. If only the case of temperature equilibrium is con-
sidered, the chemically frozen and equilibrium cases permit similarity
solutions in which the introduction of the independent variable

n= 2%:&5/1 Laf dy (3.2¢4 a)
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permits a reduction to ordinary differential equations. When either tem-
perature or chemical nonequilibrium is considered, such an exact reduction
is not possible. If n is introduced into Eqs. (3.18) and (3. 20)-(3.23), t
appears explicitly in the Eg] and wy terms, as well as in Eq. (3. 21).
However, a ''local similarity" type of approach is possible, with t treated as
a parameter, and the normalized dependent variables

ga('l)ET*{Te_ ) 96(7) -"-TE/Te, A /e (B.Z‘I-b)

taken as functions of n only. This approach assumes the rate of change with
t to be small, and all the important time dependence to be contained in the
explicit appearance in the source terms and boundary conditions. Its great
advantage is the fact that only one independent variable is involved, so only
ordinary differential equations must be solved.

This '""local similarity'" approach is the one which has been used in
the few calculations so far made.
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IV. RESULTS AND DISCUSSION

To the date of writing only two solutions have been obtained with
the local similarity approach outlined here. A third solution for
temperature equilibrium is available from a previous investigation. 19
The present calculations represent one external condition, for one time,
with two different values of the elastic collision rate constant C 1» and
with no gas phase recombination. The conditions used are those behind a
reflected shock for an initial argon pressure of 1 mm Hg, and an incident
shock velocity of 6 mm/usec. These conditions are

T_=15,828°K, p =2.516 atm, a_ = 0. 558,

T =300°K, t=1 psec
w

The two values of Ce so far used are

1

C =0 and C = 0,005
el el

For the determination of ¢y in Eq. (2.11) both the limiting values
discussed in Section II, namely

‘:‘WK—T“/WM: ownd /CI:XE(,(QﬂTgx/TrW\I )

were used for each value of C _,, since the number of collisions in the
sheath is 2 or 3, which is between the many-collision and zero-collision
limits. Numerical difficulties have so far prevented the solutions for
higher values of C,;, although the appropriate value is C; = 1.

The profiles for the cases C ) = 0 and Cgy = © (temperature
equilibrium) are shown In Fig. 1. These two cases should represent
limits of weak and strong elastic energy exchange for frozen chemistry.
Only one set of profiles is shown for C_; = 0, since the difference
between using the two limiting values of c7 is not discernible on the scale
of the figure. The profiles for C_; = 0. 005 also differ only slightly from
those for Cgq = 0.

We see that for the case of no energy exchange by elastic collisions
the electron temperature at the edge of the sheath is nearly half the
external gas temperature, and remains nearly constant through the rather
thin diffusion and heavy temperature layer, and then rises gradually in a
layer some four times as thick, This high electron temperature at the
sheath edge is brought about by the insulation of the electrons from the
wall by the negative sheath potential. Only a small fraction of one percent
of the electrons reaching the sheath edge get through the sheath to the wall,
However, the fraction ionized at the sheath edge is quite high (3 x 10-3 to
3 x 107%) because the enhancement of ambipolar diffusion by the high
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Fig. 1 Profiles of normalized temperature and fraction ionized in terms
of the similarity variable n for frozen chemistry.
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electron temperature brings in a large flux of electron-ion pairs. So even
the small fraction of electrons getting through carries enough energy to
reduce the electron temperature below its external value,.

The heat transfer to the wall can be found by calculating the heat
transfer to the sheath edge, since the sheath is so thin that all this energy
gets to the wall. For this purpose we use Eq. (3. 18f) applied at 1 = 0. The
results are given in Fig. 1 for both values of c¢c;. We see that the case of no
energy exchange by elastic collisions yields a slightly smaller heat transfer
rate than the case with temperature equilibration. This is probably a resulit
of the thin heavy temperature layer, which in turn is caused by the uncoupling
of the electrons from the heavies. The differences caused by using the two
limiting values of 1 is also small.
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